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Review of z-scores for normal data

Assume X = N(mean, std dev), that is to say, X data is normally
distributed with the given statistics.

We have been studying standard “scores” (or z-scores)

_ X — Mean
~ Std Dev
which counts “standard deviations above or below the mean”.

It's very useful, because it “puts things on a level playing field.” It
allows us to compare multiple data sets that are on different scales.

When X is normally distributed, namely X = N(mean, std dev),
then Z = %=Mean js N(0,1), i.e., the corresponding standard scores
are normally distributed, with mean 0 and std dev 1.

Moreover, there is a single lookup table for percentiles for Z.



The Conversion Table

z-scores and percentiles

Zscore | Percentite | Z'score | Percentite | Z'score | Percentite | Zscore | Percantiie
-35 00z -10 | 1587 00 5000 11 8643
-30 013 [ -09s | 17 | oos | sim 12 8349
-28 018 | -090 | 1841 | 010 | 5388 13 8032
-28 026 | -85 | 1977 | 015 | ss06 14 9192
-27 035 | -080 | 2118 | o20 | sren 15 8332
28 047 | -o75 | 2288 | 025 | sest 16 84.52
25 082 | 070 | 2420 | 030 | e 17 9554
24 082 | -es | 2578 | o3 | eass 18 8641
-23 107 | 080 | 2743 | o040 | 554 19 97.13
22 139 | -055 | 2912 | o045 | e73e 20 a7z
-21 179 | -050 | 3085 | 050 | 6815 21 s8.21
-20 228 -045 | 3264 | 085 7088 22 98.61
-8 | 287 -040 | 3448 | os0 | 7257 23 98.83
18 3850 -035 | 3832 | 085 | 7422 24 99,18
EX] 448 -030 | 382t | o7 [ 7580 25 99,38
16 548 -025 | 4013 | o075 7734 28 99.63
-15 -020 | 4207 | 080 7881 27 88,65
14 015 | 2404 | o5 | soz 28 974
-13 -010 | 4802 | 080 | 8158 28 0881
12 181 | -o0s | 4801 | 085 | 8289 30 o087
-1 | 15 | -00 | s000 10 8413 35 89.88




From z-scores to percentiles, visually

Gold Area: (1) =84%

9] 1

A z-score of 1 corresponds to the 84th percentile, that's the
percentage of z-values equal to or less than 1.



From percentiles to z-scores, visually

0.25

-3 -15 225 c =z 1.5 3

What z-score corresponds to the 25th percentile? This can be read
off the table, “by reading it backwards". It's near —0.65.



Key Observation

Our earlier mastering of the 68% and related rules was based on
symmetric ranges about the data mean, and often forced us to
“think outside the box" to answer some questions.

We kept running into numbers like 50%, 34%, 84%, 16%, 2.5%,
etc., as we manipulated 68%, 95% and 99.7%, divided by 2,
subtracted from 100% and so on.

When looking up z-scores in the table, we need to change our
approach. Now the focus is always on “left tails”: namely, the
(percentage of) area to the left of a particular z-score.

We need to learn how to think outside the box in a new way!

Also, we won't always find the numbers we want in the table.
Generally, we will have to settle for approximate answers, and
occasionally average two numbers found in the table.



Using the table to find percentiles

If Bio test scores are B = N(75,5), and Chem test scores are C =
N(80,4), then zg = 22 and z¢ = <52 are both N(0,1).

What percentage of Bio test scores are (at or) below 787 Find
zp =181 75 = 0.6 and the table says about 72.5%. Getting 78 on
this Bio test puts one at the 75 and a half-th percentile!

What percentage of Bio test scores are (at or) above 787 In view
of what we just did, the other 100% — 72.5% = 27.5%)!

What percentage of Bio test scores are (at or) below 827 Find
zg = @ = 1.4 and the table says about 92%. Getting 82 on
this Bio test puts one at the 92nd percentile!

What percentage of Bio test scores are (at or) below 70?7 Find
zg = 70%75 = —1 and the table says 15.87% which agrees well
with the 16% we would have said by using the 68% rule. Getting

70 on this Bio test puts one at the 16th percentile.



Using the table to find percentiles

What percentage of Bio test scores are betweeen 70 and 827 We
are in luck: we just learned that 92% of the scores are at or below
82, whereas 16% are at or below 70. Hence, by subtracting, we see
that 92% — 16% = 76% of the Bio test scores are between 70 and
82. Note that there is no tie-in with a single percentile here.

What percentage of Bio test scores are betweeen 69 and 727 We
have to work with these numbers separately, and then substract.
No prior work helps.

Find zg 69 5 — —1.2. The table says about 11.5%. (Getting 69
on this Blo test puts one at the 11 and a half-th percentile.) Also,
find zg = 2215 75 = —0.6 and the table says about 27.5%. (Getting

72 on this Blo test puts one at the 27 and a half-th percentile.)

Subtracting, we get 27.5% — 11.5% = 16%. So, about 16% of the
Bio test scores are between 69 and 72. (That 16% has nothing to
do with the two 16%s that arise using the 68% rule.)



What to do when the table won't coopoerate

Earlier, we saw that a specific Bio test score of b = 78 results in a
stardard (or z-score) of zg = 282> = 0.6667. Back then, we
didn't know what percentile th|s corresponded to. Now, looking up
z = 0.67 in the table, we don't find it exactly. However, we see
that z = 0.65 corresponds to the percentile 74.22 and z = 0.70
corresponds to the percentile 75.80. So a reasonable compromise
answer is the 75th percentile.

The 75th percentile (the third quartile) always corresponds
to about 2/3 of a standard deviation above the mean!

If English test scores are E = N(87,3), then what English test score
corresponds to the 75th percentile? One which is 2/3 std dev
above the mean: namely 87 + (2/3)3 = 87 4 2 = 89.

Question: What percentile corresponds to about 2/3 of a
standard deviation below the mean? (The 25th percentile.)



Using the table to find z-scores

Assume the price of a certain type of Audi is A = N(26,4) (in
thousands of dollars).

What Audi price corresponds to the 60th percentile?

The table “read backwards” reveals that z = 0.25 corresponds to
the 60th percentile. Hence, the answer is 0.25 std dev above the
mean price for the Audi, namely $26K + $1K = $27K. Note that
a =27 yields z4 = @ = 0.25 too.

Here's another way to do this problem: set the Audi z-score equal
to the —0.85 found in the table (using A for the to-be-found Audi
price) and solve for A using algebra. Namely, write

A—26

= 0.25.
4

So, A—26 = (0.25)(4) and A =26 + (0.25)(4) = 27.



Using the table to find z-scores

Assume the price of a certain type of Mercedes is M = N(35,3) (in
thousands of dollars).

1. What Merc price corresponds to the 20th percentile?

The table “read backwards” reveals that a z-score of -0.85
corresponds to the 20th percentile. Hence, the answer is 0.85 std
dev below the mean price for the Merc, namely $35K - (0.85)$3K
= $32.45K. Note that m = 32.45 yields z4 = 3243=3% — _0.85.

Here's another way to do this problem: set the Merci z-score equal
to the 0.25 found in the table (using M for the to-be-found Merc
price) and solve for M using algebra. Namely, write

M — 35

3
So, M — 35 = (—0.85)(4) and M = 35 — (0.85)(3) = 32.45.

= —0.85.




Problems about heights for you to try

Assume that in Georgia adult men'’s heights (in inches) are
N(69.2,3.1) and that adult women's heights are N(64.5,2.6).

1. A 6 foot tall man is at what percentile? (Convert to inches first.
Hint: get a z-score of about 0.90)

2. A 5 foot tall woman is at what percentile? (Convert to inches
first. Get a z-score of about —1.73, which is between two values in
the table. About the 4th percentile seems reasonable.)

3. What is the 70th percentile height for women? (Hint: get a
z-score of about halfway between 2.1 and 2.2, so use z = 2.15)

4. What is the 70th percentile height for men? (Hint: again, use
z = 2.15, but what you do next is different.)

5. What is the 8th percentile height for men? (Hint: get a z-score
of about —1.40)



HWs from the textbook

There are more worked examples in the book (and on the web).

Make sure you can do 21-47 on page 399-400.

You can also ask and answer any kind of questions (like the ones
done today) for the other examples studied earlier. Baby weights,
baby arrival times, etc.



